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ABSTRACT. In this paper we develop the concept of the sequence of ex-
ponents of SO-regular variability [9], as a generalization of the sequence
of convergence exponents [1].

1. INTRODUCTION

Let (a) be a nondecreasing sequence of positive numbers. If a(t) =
¥ apt™, then it is well known (see [5]) that the asymptotic property

(1) t@— ;((té)) <t

is equivalent with property

2) Tm 2 = () < 400, A>0.
n—-+4oo an

Asymptotic condition (2), in the set of sequences of positive numbers,
defines the class of O-regularly varying sequences, i.e. the sequential class
OR (see [4]). Karamata’s theory of O-regular variability is an essential part
of analysis of divergence (see [2]).

An O-regularly varying sequence (a,) is called SO-regularly varying (see
[9, 5]) if there is a f > 1 such that k,(A) < 3, for all A > 0. The class
of SO-regularly varying sequences is denoted by with SO, and the class of
convergence sequences of positive numbers with non zero limit is denoted by
K. For classes K, SO and OR the next relations hold:

(3) K CSOCOR, K+#SO, SO+OR.

In [7] Polya and Szeg6 considered the concept of sequence of exponents
of convergence.
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16 NOTE ON SEQUENCE OF EXPONENTS OF SO-REGULAR VARIABILITY

Definition 1. If (¢,) is a sequence of positive numbers converging to zero,

then a sequence of positive numbers ()\,) is a sequence of exponents of

convergence for the sequence (ay,) if for every € > 0 the series Z:Oi ;\ln(1+a)

ZJrOO 7)\171(1 €)

converges, and the series diverges.

The concept defined above partialy appeared in the papers [3] and [8].
Basic properties of this notion are given in [1] and [10]. Using the idea of
definition 1 we now define notion of the sequence of exponents of SO-regular
varying convergence.

Definition 2. If (¢,) is a sequence of positive numbers, then a sequence of
real numbers (A,) is sequence of exponents of SO-regular variability, if for

all € > 0, sequence (s}), sl = py zk(HE) n € N, belong to the class SO,
and for all p < 0, sequence (s2), s2 =Y 7_, en™ ) for n € N, is not in the

class SO.

It is clear that for every sequence of positive numbers (ay) (a, # 1,
n > ng, ng € N) there exists some sequence of exponents of SO-regularly
variability. Also, many properties of sequences of exponents of SO-regular
variability can be derived from the corresponding properties of sequences of
exponents of convergence (see [1]).

Definition 3. Sequence (a,) is potentialy O-regular varying (then we say
that (a,) belongs to the class PO), if there exists a real number p and a
sequence (s,) € SO such that a, = n”-s,, n € N. PO, is the set of all
sequences which belong to the class PO for some fixed number p.

2. RESULTS
Lemma 1. Let (a,) be a sequence of positive numbers and let b, = a)",
n € N, belongs to the class PO_1. Then (A\,) is a sequence of exponents of

SO-regular variability for the sequence (ay,).
Proof. The sequence (d,), d, = nb,, n € N, belongs to the class SO. For

dian
g‘ ] = M(d) < +oo, M(§) > 1 holds. Let

f(z) = dpz),® > 1, be function generated by sequence (dy). It is clear that
relation

a—+oo f(x)
for any A > 0, § > 1, holds. Let be M = lims_.;— M(J). So, there exists

— A

v =f-M > 1 such that limg 4 f:;(i) <« for all A > 0. Also, f(x) =
x

l(x) - Bo(z), x > 1, where [(x) is a slow varying function, and there exists

1
A > 0 such that 1 < Bo(z) < A,z > 1. If g(t) = by, t > 1, then we have

any 6 > 1 limy, o0 SUPx¢[1,6]




DRAGAN DURCIGC AND MALISA ZI1ZOVIC 17

g(t) = [t]71(t)By(t), t > 1, and also, for any n € N,
n n+1
Sone=mi [ H 0= B ) (e )
k=1 1

1
where [;(t), t > 1, is a slow varying function and 1 <Bi(t) <A, t>1. So

the sequence (Y ) _, bx) is an element of the class SO.
If 4 < 0, then for n > 1 we have

zn:biﬁ” = Bs(n) /lnﬂ[t]_lllw(t) dt = By(n)la(n)n*,
P

[t]»
where l5(t), t > 1, is slow varying function and
min{ A"T# ATITHY < By(t) < max{A'"TH AT > 1.

So, sequence (s2) (def. 2) is not element of class SO.
If £ > 0, then for n > 1 we have

n n+1 e [1+e
N
k=1

where pi(t), t > 1, is a function which converges to a positive number for

1
t — +o0, and yies < B3(t) < A*2 ¢ > 1. So, sequence (s}) belongs to

the class SO. |

Theorem 1. Let (a,) be a sequence of positive numbers and let b, = av,

n € N, belong to the class PO. The sequence (\,) is a sequence of exponents
of SO-regular variability of sequence (ay) if and only if (by) belongs to the
class PO_q, 1i.e.,

bn:n_lexp{anJrZij}, n>1,

k=1
where sequence () is bounded, and sequence (8,) converging to zero.
Proof. If (by,) is an element of the class PO_q, then by Lemma 1, the se-
quence (\,) is a sequence of exponents of SO-regular variability for sequence

(ap). If sequence (b,) is an element of class PO, p > —1, then b, = n” - sy,
n € N, where (s,,) belongs to class SO. In this case for n > 1 we have

n n+1
> by = By(n) /1 " [t]PL(t)dt = By(n) - n?*lis(n),
k=1

1
where [3(t), t > 1, is a slow varying function, and =1 < By(t) < A, t>1. So,

the sequence () is not a sequence of exponents of SO-regular variability
for the sequence (a,), because the sequence (D_;_; by) is not an element of
the class SO.
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If (bn) belongs to the class PO,, p < —1, then b, = n”S,, n € N, where
(sp) is an element of class SO. Then, p = —1 — p > 0 and for p = 2£ <0
p

we have

. n+1
S B = By(n) / [P () At = Bs(n) - / ({5 (t)dt =
k=1 !

1

n+1

= [ P = )t
1 [t]Z

where pa(t), t > 1, is a function which converges to a positive limit as ¢
iEm < Bs(t) < AY™F ¢ > 1. So, sequence (\,) is

not a sequence of exponents of SO-regular variability for (ay), because for
= 2£ < 0, by the above assumptions, the sequence (s2) belongs to the

p
class SO. If (b,) is an element of class PO_1, then b, = n~'-1(n) - Bo(n),

n > 1, where [ and By are functions from the proof of Lemma 1. So, for

converges to +o0o, and

J
n>1,b,=n"1 exp {an +> 0 ]:} where the sequence (ay,) is bounded
and the sequence (J,,) converges to zero. O
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